Abstract. In this paper, bimodules over Hom-Jordan algebras and the ones over Hom-alternative algebras are defined. It is shown that bimodules over Jordan and alternative algebras are twisted into bimodules over Hom-Jordan and Hom-alternative algebras via endomorphisms respectively. Some relations between bimodules over Hom-associative, Hom-Jordan and Hom-alternative algebras, are given.
Introduction
Algebras where the identities defining the structure are twisted by a homomorphism are called Hom-algebras. They have been intensively investigated in the literature recently.The theory of Homalgebra started from Hom-Lie algebras introduced and discussed in [5] , [9] , [10] , [11] , motivated by quasi-deformations of Lie algebras of vector fields, in particular q-deformations of Witt and Virasoro algebras. Hom-associative algebras were introduced in [14] while Hom-alternative and Hom-Jordan algebras are introduced in [13] [22] as twisted generalizations of alternative and Jordan algebra respectively. The reader is referred to [19] for applications of alternative algebras to projective geometry, buildings, and algebraic groups and to [4, 8, 15, 18] for discussions about the important roles of Jordan algebras in physics, especially quantum mechanics.
The anti-commutator of a Hom-alternative algebra gives rise to a Hom-Jordan algebra [22] . Starting with a Hom-alternative algebra (A, ·, α), it is known that the Jordan product
gives a Hom-Jordan algebra A + = (A, * , α). In other words, Hom-alternative algebras are HomJordan-admissible [22] . The notion of bimodule for a class of algebras defined by multilinear identities has been introduced by Eilenberg [3] . If H is in the class of associative algebras or in the one of Lie algebras then this notion is the familiar one for which we are in possession of well-worked theories. The study of bimodule (or representation) of Jordan algebras was initiated by N. Jacobson [6] . Subsequently the alternative case was considered by Schafer [16] .
Modules over an ordinary algebra has been extended to the ones of Hom-algebras in many works [2] , [17] , [20] , [21] .
The aim of this paper is to introduce bimodules over Hom-alternative algebras and Hom-Jordan algebras and to discuss of some results about theses concepts. The paper is organized as follows. In section one, we recall basic notions related to Hom-algebras and modules over Hom-associative algebras. Section two is devoted to the introduction of bimodules over Hom-alternative algebras. Proposition 3.5 shows that from a given bimodule over a Hom-alternative algebra, a sequence of this kind of bimodules can be obtained. Theorem 3.6 shows that, a bimodule over alternative algebra gives rise to a bimodule over the corresponding twisted algebra. It is also proved that a direct sum of a Hom-alternative algebra and a module over this Hom-algebra is again a Hom-alternative algebra (Theorem 3.9 ). In section three we introduce modules over Hom-Jordan algebras and prove similar results as in the previous section. Furthermore, it is proved that a left and right special module over a Hom-Jordan algebra with an additional condition, has a bimodule structure over this Hom-algebra (Theorem 4.8). Finally Proposition 4.10 shows that a bimodule over a Hom-associative algebra has bimodule structure over its plus Hom-algebra. All vector spaces are assumed to be over a fixed ground field K of characteristic 0.
Preliminaries and main results
We recall some basic notions, introduced in [5] , [14] , [20] related to Hom-algebras and while dealing of any binary operation we will use juxtaposition in order to reduce the number of braces i.e., e.g., for " · ", xy · α(z) means (x · y) · α(z). Also for the map µ : A ⊗2 −→ A, we will sometimes µ(a ⊗ b) as µ(a, b) or ab for a, b ∈ A and if V is another vector space, τ 1 :
algebras is a morphism of the underlying Hom-modules such that and f
In this paper, we will only consider multiplicative Hom-algebras. 
A multiplicative Hom-algebra (A, µ, α) is said to be Hom-associative algebra if as A = 0 (2) A Hom-alternative algebra [13] is a multiplicative Hom-algebra (A, µ, α) that satisfies both as A (x, x, y) = 0 (left Hom-alternativity) and (1) as A (x, y, y) = 0 (right Hom-alternativity) (2) for all x, y ∈ A.
Definition 2.4. [22]
A Hom-Jordan algebra is a multiplicative Hom-algebra (A, µ, α) such that µ • τ = µ (commutativity of µ) and the so-called Hom-Jordan identity
holds for all x, y ∈ A.
Remark 2.5. In [13] Makhlouf defined a Hom-Jordan algebra as a commutative multiplicative Homalgebra satisfying as A (x 2 , y, α(x)) = 0, which becomes the identity (3) if y is replaced by α(y).
The proof of the following result can be found in [22] where the product * there, differs from the one given here by a factor of 1 2 . Proposition 2.6. Let (A, µ, α) be a Hom-alternative algebra. Then A + = (A, * , α) is a Hom-Jordan algebra where x * y = xy + yx for all x, y ∈ A.
A. Makhlouf proved that the plus algebra of any Hom-associative algebra is a Hom-Jordan algebra as defined in [13] . Here, we prove the same result for the Hom-Jordan algebra as defined in [22] (see also Definition 2.3 above).
Proposition 2.7. Let (A, ·, α) be a Hom-associative algebra. Then A + = (A, * , α) is a Hom-Jordan algebra where x * y = xy + yx for all x, y ∈ A.
Proof. The commutativity of * is obvious. We compute the Hom-Jordan identity as follows:
(by the the Hom-associativity) = 0(by the the Hom-associativity)
Let us finish this section by the following definitions which will be used in next sections.
Definition 2.8. Let (A, µ, α A ) be any Hom-algebra and (V, α V ) be a Hom-module.
Let ρ l and ρ r be structure maps on V. Then the module Hom-associator of V is a trilinear map as A,V defined as:
Remark 2.9. The module Hom-associator given above is a generalization of the one given in [2] .
Definition 2.10. [20, 21] Let (A, µ, α A ) be a Hom-associative algebra and (M, α M ) be a Hommodule.
is a right A-module and that the following Hom-associativity (or operator commutativity) condition holds:
3. Hom-bimodule over Hom-alternative algebras
In this section, we give the definition of modules over Hom-alternative algebras. We prove that from a given bimodule over a Hom-alternative algebra, a sequence of this kind of bimodules can be constructed. It is also proved that a direct sum of a Hom-alternative algebra and a bimodule over this Hom-algebra, is a Hom-alternative algebra called a split null extension of the considered Hom-algebra.
First, we start by the following notion, due to [2] , where it is called a module over a left (resp. right) Hom-alternative algebra. However, we call it a left (resp. right) module over a Hom-alternative algebra in this paper to unify our terminologies.
Definition 3.1. Let (A, µ, α A ) be a Hom-alternative algebra.
(1) A left A-module is a Hom-module (V, α V ) that comes equipped with a structure map ρ l :
for all x, y ∈ A and v ∈ V. (2) A right A-module is a Hom-module (V, α V ) that comes equipped with a structure map ρ r :
for all x, y ∈ A and v ∈ V. Now, as a generalization of bimodules over alternative algebras, one has:
such that the following equalities:
hold for all a, b, c ∈ A and v ∈ V.
(ii) A morphism f : (V, α V ) −→ (W, α W ) of A-bimodules is a morphism of the underlying Hommodules such that
Since the field is of characteristic 0, the relation (9) is equivalent to
Here are some examples of A-modules.
is an alternative algebra and M is an A-bimodule [7] in the usual sense then (M, Id M ) is an A-bimodule where A = (A, µ, Id A ) is a Hom-alternative algebra.
The following result describes a sequence of bimodules over a Hom-alternative algebra by twisting the structure maps of a given module over this Hom-algebra.
Proposition 3.5. Let (A, µ, α A ) be a Hom-alternative algebra and (V, α V ) be an A-bimodule with the structure maps ρ l and ρ r . Then the maps
give the Hom-module (V, α V ) the structure of an A-bimodule that we denote by V (n)
Proof. It is clear that ρ (n) l and ρ (n) r are structure maps on V (n) . Next, if we observe that for all x, y ∈ A and v ∈ V,
and similarly
We know that alternative algebras can be deformed into Hom-alternative algebras via an endomorphism. The following result shows that bimodules over alternative algebras can be deformed into bimodules over Hom-alternative algebras via an endomorphism. This result provides a large class of examples of modules over Hom-alternative algebras Theorem 3.6. Let (A, µ) be an alternative algebra, V be a A-bimodule with the structure maps ρ l and ρ r , α A be an endomorphism of the alternative algebra A and
give the Hom-module V α V the structure of an A α A -bimodule.
Proof. Trivially,ρ l andρ l are structure maps on V α V . The proof of (9) for V α V follows directly by the fact that as A,Vα V = α 2 V • as A,V and the relation (9) in V. Corollary 3.7. Let (A, µ) be an alternative algebra, V be a A-bimodule with the structure maps ρ l and ρ r , α A an endomorphism of the alternative algebra A and
give the Hom-module V α the structure of an A α A -bimodule for each n ∈ N.
The following lemma will be used to prove the next theorem.
Lemma 3.8. Let (A, µ, α A ) be a Hom-alternative algebra and (V, α V ) be an A-bimodule with the structure maps ρ l and ρ r . Then the following relation
holds for all a ∈ A and v ∈ V.
Proof. From the second and the first expression and the second and the third expression of the relation (9), we have respectively for all a, b ∈ V and v ∈ V, −as A,V (v, a, b) = as A,V (a, v, b) and as A,V (v, b, a) = −as A,V (a, b, v). If we observe that from the first and the last expression of (9),
The later equality is equivalent to as A,V (v, a, a) = 0 since the field K is of characteristic 0.
The following result shows that a direct sum of a Hom-alternative algebra and a bimodule over this Hom-algebra, is still a Hom-alternative, called the split null extension determined by the given bimodule. Proof. The multiplicativity ofα with respect toμ follows from the one of α with respect to µ and the that that ρ l and ρ r are morphisms of Hom-modules. Next (9) and (14) 
We then conclude that (A ⊕ V,μ,α) is a Hom-alternative algebra.
Hom-bimodule over Hom-Jordan algebras
In this section, we define and study bimodules over Hom-Jordan algebras. It is observed that similar results for bimodules over Hom-alternative algebras, hold for the ones over Hom-Jordan algebras. Some of them, require an additional condition. Furthermore, on one hand, relations between bimodules over Hom-associative algebras and the ones over Hom-Jordan algebras are given and the other hand, relations between left (resp. right) modules over Hom-alternative algebras and left(resp. right) special modules over Hom-Jordan algebras are proved. First we have:
(1) A right A-module is a Hom-module (V, α V ) that comes equipped with a right structure map
such that the following conditions:
(2) A left A-module is a Hom-module (V, α V ) that comes equipped with a left structure map
The following result allows to introduce the notion of right special modules over Hom-Jordan algebras. 
Proof. It suffices to prove (15) and (16) . For all (a, b) ∈ A 2 and v ∈ V, we have:
A (c) and thus, we get (15) . Finally, (16) is proved as follows:
which is ( (16)).
Similarly, the following result can be proved. 
We know that the plus algebra of any Hom-alternative algebra is a Hom-Jordan algebra. The next result says that any left (resp. right) module over a Hom-alternative algebra is also a left (resp. right) module over its plus Hom-algebra. 
Now, we give the definition of a bimodule over a Hom-Jordan algebra.
Definition 4.5. Let (A, µ, α A ) be a Hom-Jordan algebra. (i)An A-bimodule is a Hom-module (V, α V ) that comes equipped with a left structure map ρ
bimodules is a morphism of the underlying Hommodules such that
In term of the module Hom-associator, using the fact that the structure maps are morphisms and the relation (23), the relations (24) and (25) are respectively The next result shows that a special left and right module over a Hom-Jordan algebra, has a bimodule structure over this Hom-algebra under a specific condition. 
holds. Define the bilinear maps ρ l : A ⊗ V −→ V and ρ r : V ⊗ A −→ V by
Proof. It is clear that ρ l and ρ r are structure maps and (23) holds. To prove relations (24) and (25)
} (rearranging terms and noting that ρ 1 and ρ 2 are morphisms ) (15) , (17) and (28)
( again by the definition of ⋄ ) Therefore we get (24). Finally, we have:
} (rearranging terms and using the multiplicativity of α A )
( by (16) , (18), (20) and (22) )
which is (25).
The following result will be used below. It gives a relation between modules over Hom-alternative algebras and special modules over Hom-Jordan algebras. Proof. It also suffices to prove (20) and (22).
(1) If (V, α V ) is a right A-module with the structure map ρ r then for all (x, y, v)
where the last equality holds by (5) .
where the last equality holds by (4) . Then (V, α V ) is a left special A + -module.
Now we prove that a module over a Hom-associative algebra gives rise to a module over its plus Hom-algebra. Proof. The proof follows from Lemma 4.9 , the Hom-associativity condition (6) and Theorem 4.8.
The following elementary but important result will be used below. It gives a property of a module Hom-associator. 
Proof. Using twice the fact that ρ l and ρ r are morphisms of Hom-modules, we get
That ends the proof.
The next result is similar to Proposition 3.5 . Contrary to Proposition 3.5, an additional condition is needed. 
give the Hom-module (V, α V ) the structure of an A-bimodule that we denote by V (n) Proof. Since the structure map ρ l is a morphism of Hom-modules, we get:
is a morphism. Similarly we get that ρ (n) r is a morphism and that (23) holds for V (n) . Next, we compute Then we get (26) for V (n) . Finally remarking that
and similary
(27) is proved for V (n) as it follows:
We conclude that V (n) is an A-bimodule. Corollary 4.13. Let (A, µ, α A ) be a Hom-Jordan algebra and (V, α V ) be an A-bimodule with the structure maps ρ l and ρ r such that α V is an involution. Then (V, α V ) is an A-bimodule with the structure maps ρ
The following result is similar to theorem 3.6. It says that bimodules over Jordan algebras can be deformed into bimodules over Hom-Jordan algebras via an endomorphism. give the Hom-module V α the structure of an A α A -bimodule for each n ∈ N.
Proof. The proof follows from Proposition 4.12 and Theorem 4.14.
Similarly to Hom-alternative algebras, the split null extension determined by the given bimodule over a Hom-Jordan algebra, is constructed as follows: Proof. First, the commutativity ofμ follows from the one of µ. Next, the multiplicativity of α with respect toμ follows from the one of α with respect to µ and the that that ρ l and ρ r are morphisms of Hom-modules. Finally, we prove the Hom-Jordan identity (3) for E = A ⊕ V as it follows 
